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islands offshore, would afford excellent tests of Seemann’s 
Such observations could be very easily made 

and theor% t e work is certainly most attractive. 
Although in considering land and sea breezes, we are 

dealing with one of t,he less important nieteorological 
phenomena, it’is well, in closing this review, to call attren- 
tion to the correlation of these breezes with other winds 
of more importance but of similar origin. 
and cooling of the land which gives rise to the on- nns 
offshore breezes we havo been studying, is a diurnal affdr 
depending on the warming by the sun’s heat by day and 
the cooling by radiation and conduction by night. The 
changes of teniperature and of pressure to which these 
breezes are due, are not, however, restricted to the coastal 
region, as the breezes themselves are, but extend all over 
the land surface. Now what we see as a diurnal phe- 
nomenon in the case of the land and sea breezes, we see 
ns a seasonal phenomenon in the increase of pressure over 
the continents in winter a d  the decrease of pressure in 
summer, whereby they become alternate1 are= of high 
and low pressure and their wind circu 9 ation changes 
accordingly. A winter continent, therefore, has out- 
flowing wmds, and a summer continent has inflowing 
winds, and these, which may be called continental winds, 
combine with the lar er class of terrestrial winds to form 
the general winds o B the earth. The class of setwmcil, 
or continental winds is sim ly a larger example of the 

the continuance of the temperature and pressure condi- 
tions is for some months at a time; in the latter it is for 
a few hours on1 . In  the former case, therefore, a geii- 
e rd  continent 2 Circulation of the winds can be esta.b- 
lished; in the latter there is only time for the establish- 
ment of a local and incomplete circulation. 

The wa.rmin 

smdler class of land and sea % reezes. In  the former CIISE! 

NOTE.-ADDED JULY 24,1583. 

Since preparing the above review, the writer has re- 
ceived a copy of Dr. Otto Hruniniel’s “Geophpiknlische 
Beobxhtungen der Plankton-Expedition ” (&el & Leip- 
zig, 1593), in which are presented the results derived from 
the meteorological observations made by Dr. Kriimmel 
durin- the scientific exploring voyage of t,he Plankton 
Expeaition i n  the Atlantic Ocean during July-November, 
1589. Dr. ICriimmel calls attention to a point in con- 
nection with sen breezes which is worthy of note here. 
and of careful observation in any future investigation of 
this class of winds. He noticed that during t.he time the 
vessel NutionuZ was anchored off Para t,he sen breeze was 
moat marked during a flood tide. This fact the author 
finds referred to in several previous accounts of lmid and 
sea breezes. In  Staff Commander James Penn’s “Sailing 
Directions for the West Coast.s of France, Spain and Por- 
.tugall’ (London, 1567, p. 273) it is stated that at  Cadiz- 

The sea breezes vary from west to north-northwest and are generally 
strongest at the full and change of the moon, when they not unfre- 
quently blow during the whole night. They set in most commonly 
withtheflood * * *. 

Further, in the “Annalen der Hydrographie,” 1SS7, 
p. 164, the captain of the German cruiser Hubi& states 
that, nt Knmerun the sen breeze is tahe strongest when the 
flood tide conies in the afternoon. The es lnnntion of 
this fact is found in the iiiechanicd raising, f y  the rising 
tide, of the inass of air lying over the water near the shore, 
thus causing stronger gradients aloft and consequently a 
more active circulation. 
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GRAPXICAL INTEGRATION OF FUNCTIONS OF A 
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in 8 great many 
In these the 

advant.cige, and 
gires results in m-11ic.h the errors of graphic methods are 
YO smnll t.hat they im-j be disregarded. 

As nn introduction t,o t,he int,egat.ion of funct.ions of 
a coniples varinble I wish to give a short and nccmfite 
method of grnphicnlly intcgrltting functions of a real 
variable (21, since. grqA~ic:il integration of functions of 
x coniples variable ctm be reduced to  repented sucres- 
sive grxphictil iiitegrat.ions of funct,ions of R real variable. 

In this paper I s l i d  only consider the m;tt,hemat.ical 
side of the problem iiiitl give one or t.wo esainples worked 
out, in dctnil, so that, t.he physicist. or student of a lied 
inechnnics can eiisily apply niy method to ot,her pro Bp enis. 

1. GRAPIIICAL INTEGRATION OF FUNCTIONS OF A REAL 
VARTARLE. 

i1 function f(x) of the r ed  varjnhle. z cm be re resented 
gmpliically in the z,y plane. on the 5 axis Jg. 1) we 
t.ake n nuniber of points xl, z2, 4, - - - ; through them 
draw tlic ordint~tes cutting the curvo f(d in the points 
ii,, A, B, C, - - - .  We now draw Nlc  parltllcl to the 
,r axis so that the ~ r c n  of n N 1 b  equals the area of bcA. 
In the same way we draw de; .fg,; hi; - - - and produce them 
to cut the y nsis in the points NIl M2, M3, M4, -. -. 
Take a point P on the 2 axis so that Pzl shall equal unity; 
and join P to these poinb Ji,, U2, M8 a m . .  Now the 
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the area uncler the 

meeting the 

where rn and 6% are such values that the z plane is covered 
obtain tbe integral by a net of sniull squares as in figure 2. 
froni z1 and draw 111 accordance with the laws of conformability, our 

lines parallel to the lines PMl, PMa, - funrtioiif(z) will be represented in tlie w plane by a sys- 

fY 
W 

+ X  

Fro. 1. Graphlcal representation off@) in the r,y plane. 

ordinates drawn through the poinh z,, z,, z4, a t  
the points A',B',C', . - -. This broken line A'B C - - - 

In  order to obtain the graph of the curve for all 
values of z we draw a smooth curve through the oints 
A'B'Q' . . .. If our points xl, z2, 5, . . are 3 rawn 
close enough together the broken line A'B'C'D' - - -  
closely approximates the curve Sf(.)dz. The Inte- 
graph (a machine for mechanically integrating c.urvcs) 
may be used for integrating the graph of the curve 
sf(z)dz; but I have found by careful work with Loth 
methods that the graphical method of integration Ls 
shorter and more accurate. With reasonable care and 
the use of a large scale the results obtained will be esacit 
enough for the solution of all problems arising in applird 
mathematics. 

tem of orthogonal curves which cover the plane with a 
net of small squares (see fig. 3). 

gives the values of for 2-2; z=z2; - - . 

2. GRAPHICAL INTEGRATION OF FUNCTIONS OF A COMPLEX 
VARIABLE. > x  

c s r u  5 E. 'i 

FIG. 2. A system of orthogonal curvm in the I plane. 

A function w =f(z) of the comples variable e = x + i y  = rti* 
is given graphically by the conformal representation of 
the z plane on the w plane. We can choose tlie net of 
curves in the z plane in any way we like; but in order to 
have a control over our analytical work we choose a, sys- 
tern of orthogonal curves 

and 

We now seek 8 graphical representation of the function 

T = T , ( ~ =  1,2,3, - - -) z=sif(z)az 0 

$= q5n(n= 1,2,3, - . .) in the Z plane; i. e., we seek the curves r=r,  and += +,, 
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in our Z plane. If we integrate f(z) from z = 0 to z = r,,e% 
along the curve or path $ = $,, we have 

: u  

v(r,$,J can be represented in a v,r plane. We now 
integrate graphically by the method of 51  to obtain the 
values of 

and 

(see figs. 4 and 5). 
In order to draw the graphs of the curves 

u (r, $,,I and 2, (?I, $,,I 
we obtain the values of u and v which correspond to 

from figure 3. 
r,(n = 1,3 ,3 ,  . . .) 

z = J f ( z )  dz plane 
In our 

we draw the ases vdr so that the angle 

between the X axis and the u& axis equals +,, (see 

fig. 6). 
From e uation (1) we see that the factor e% means 

that the 2 asis niust rotate through an angle of $,, in 
order to coincide with the E asis. In  the E,r) lane we 
mark the points rl, r,, r,, - with the coorzinates E 
and 7). We get these values froin the graphical integra- 
tion of the functions u ( ~ , $ ~ ) .  and vD,$,,) (see figs. 4 
nnd 5) .  They can be transferred over to our new Z 
plane by measurement; or, by having our €,q plane 
drawn on transnarent naner. we can niark off the noints 

udr and s s  
S 

I 

m0. 3. 
T1,r,,r,, - - - WithLOut nl'c&&ng the values of E ind 7. 
This latter method eliiiiinates a small error of meas- 
urenien t. 

Through the points T ~ ,  r,, - - we draw a smooth 
curve which is the required graphical representation of 
the curve #,, = $,, in the Z plane. 

In  the same way we obtain the curves $=q51; . . . . Through the points r, on each curve $ = $% we 

Now u(r,$,,) is a function of the real variable r and 
can be represented graphically in a u,r plane. Similarly 

Ft"10.5. Graphical integrstion of o(r,$&. 

draw a smooth curve and obtain a net of small squares 
covering the Z plane which is the graphical representation 
of the function 
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into the curves T =r, and 4 = cp,, (n = 1,2,3, - . .) in the f(z) 
plane (see figure 8). 3. QRAI'HICAL INTEQRATION OF f(Z) = (1 - Z q - 3 '  

Letf(z) in the preceding section be (1 -z')-* then we 
have the special problem of the graphical integration of 
(1 -z')-)- 

Fro. 7. 

Now in order to graphically represent the function 
Fio. 6. 

We represent - -  
z = 2 + iy = rew ui the z plane we integrate a t  first along the line 9 =O. 

z is a real variable. 
Now, of course 

If we put z = s h t ,  we have for + = O  by the curves r=r,(n=0,1,2, - - - ) and #=  $. (Fig- 
ure 7). These curves are transfoimed by the unction 

Fro. 8. C l w m  rw,, end #-#I 
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FIG. 9. Gmphb representation uf / ( L )  in a / ( t ) , l  plane. 

We represent the iuiwtion f ( t )  graphically in a f(t>,t #=* 450; q5=# 450; - - .  

4 - i  450; cp=+ 4 5 O ;  * * - 
pl:ine; integrate graphically and get tho values of 

d ! !  for all real values of z between 2-0 and z= 1 
and get as explained in 52 the curves 

(4 figure 9). 
Nest we integrate along the lines in our 2 plane. The graphical integration is carried out 
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v 

2 -906 
FIG. 10. Graphical Integration dong +* Go, +* Go, etc. 
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7 8  

as in figure 10 and the results shown graphically in fig- 
ure 11. 

We now have in the 2 )lane the graphical represent* 
tion 01 our function 2 for a 11 1 values of z 111 the first octant 

~~~~~ 

ha. 11. Result of graphical integration of f ( t )  in a J(t),t plane. 

of the circle with radius unity. The function is continu- 
ous everywhere even at  the point z = 1 which is a branch 

PLAN€ 

J 

K 

projection, until it coincides with that lane”] around 
the line +=&io. In  the same wa we o B tab the repre- 

12). The areas A, B, C, D, E, correspond to the areas 
A4,, B,, GI, D,, E,. The points f l  and fi are branch 
points of the first order. If we let z=z’-l we have 

sentation in tlic 3d, 4th, - - - 8t rl octant. (See figure 

that is, we only. need to rebatt our figure around the line 
r = 1 to obtain the graphical representation of 2 for the - -  
whole z plane. 

The area inside the circle with radius unit is trans- 
formed into the area inside the square ab&. ( 6 @re 13.) 

The perimeter of the circle with radius unity L trans- 

The area outside the circle with radius unit is trans- 

In a similar way we can integrate any iunctions of the 
complex variable 2, and obtain a graphical representation 

formed into the perimeter of the square ab&. 

formed into the finite areas E,, G,, J,, K;, an J L,. 
of Zfor all values of z. 

This method is especially valuable in integratin elliptic 
integrals of the first, second, and third kind. & e same 

F 

J v7m- dz PLANE 

L 

methods can be used for solving all problems involving 
raphical integration of functions of a complex variable 

Bat arise in mechanics and applied mathematics. 
hQ. 12. Illustrating “rebattement” for the funetlon in the second octant. 

point of the first order. We obtaiu the rewesentation 

[from the French geometrical term “ rebattement” “The 
rotation of a plane about ita intersection with a plane of 

of our function for the second octant by simp ’1 y rebatting 
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